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Abstract 

We discuss a model for interferometric GW antennas without dissipa- 
tive or active elements. It is predicted that the oven and odd coherent 
states may play an alternative role to squeezed vacuum states in reducing 
the optimal power of the input laser. 
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The problem of detecting gravitational waves has been a subject of interest 
since last many years [1]. Specifically, the quantum sensitivity of Michelson 
interferometric gravitational wave detection has been described in detail by 
Caves [2] . An important ingredient improving the sensitivity of such detectors 
(GWD) is using the appropriate states of light beam through the two ports of 
the Michelson interferometer. Caves [2] showed, in fact, that if one uses coherent 
light [3] from the first port of the interferometer, then the optimal sensitivity 
is limited by the vacuum fluctuations which enter through the unused port of 
the interferometer. In such set up the lower limit on the optimal power of the 
input laser comes out to be quite large and of no experimental interest. Caves 
[2] suggested to reduce considerably the above limit by squeezing the vacuum 
field entering through the unused port [4] . 

The main purpose of this communication is to answer the following question: 
" are there any other nonclassical states different from squeezed states, which can 
replace squeezed vacuum in GWD for a better quantum sensitivity of the Michel- 
son interferometer'' 7 We predict a possible positive answer to this question in 
the use of even or odd coherent states [5]. Even coherent states are closely re- 
lated to the squeezed vacuum states because they too are superposition of even 
number states, but with different coefficients. Different nonclassical properties 
of even coherent states and theoretical predictions for their possible generation 
have been discussed in detail in Rcfs.(6-ll). 

In the Michelson interferometer (Fig.l) we have two incoming fields through 
ports Pi, i = 1,2, described by the operators (ai,a|) acting on a Hilbert space 
W = Hi (E) 7^2- To them corresponds two fields at the mirrors Mi described 
by (,bi,bl) acting on H'' — JiX® V.^ and two outgoing fields at Pi described 
by (ci,cj) on = HI ® The basis in H^, p = a,b,c, will be denoted 
{| n,i,p >, n e Z^}. We simplify the Michelson interferometer as a device 
with two arms at the end of which two outer mirrors Mi arc attached to some 
string, thus behaving as two pendula, without considering Fabry- Perot cavities 
and beam delaying optics into these arms. We will suppose that in all processes 
the dissipative and active effects are negligible so that conservation of energy in 
ensured. The Hamiltonian in W is taken to be 

H" = hcuiplpi + pIp2) (1) 

with u! the frequency and h the Planck's constant. Implicit here is the as- 
sumption of equal frequencies for the mode 1 and 2. This can be achieved by 
introducing some degree of interaction among the two modes, which anyhow can 
be ignored in a first approximation, as in Ref.[2]. All W are unitarily equivalent 
and the operators are connected each other by 2x 2 unitary matrices, the 
elements of which depend on the physical and geometrical parameters of the 
interferometer. For instance, we will write 

b = V a, = a'' (2) 
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where 



a = ( ; 6=^ ^1 



02 y ' V ^: 



'J2 



a' = (4 4) ; 6t = (?,t bl) (3) 



it 

and y e [/(2) group. We conveniently write 

V = ^K (4) 

with 





e 



In the above ai and f3i are the complex transmittivity and reflectivity parame- 
ters of the beam splitter (BS) arbitrarily oriented for the ith input field mode 
respectively and <j)i is the phase distance between BS and the mirror Mj. Also 

c=Ua; ct=at/7t (6) 

and 

U = -K^^'^K = -V'^V (7) 

The presence of negative sign in the above equation is due to the phase change 
on reflections at the mirrors. 

Following [2], we have two sources of errors which set the lower quantum 
limit Az on the sensitivity z of GW antennas: (i) radiation pressure on Mi and 
(ii) photon counting noise due to the fluctuations in the number of photons in 
the input fields 

Az = ^{AzrpY + (A^pc)2 (8) 



In this 

where 

and 

where 



{Azrpf = a%{nujT/mcf (9) 
a% =< {b^asbf >-< b^aab >^ (10) 



rp 

-2 



0-2 =< (cVac)^ > - < cVac (12) 
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In the above, r is the observation time and m the mass of each end mirrors. 
Here we consider fixed BS as in Ref.(2). After little algebra we can write 



{U^<J3Uhk{U^a3U) 

mn^ikmn 

2 
^pc 



{V^<J3V)^kiV^a3V)mnTikmn (13) 

with the summation over repeated indices taken from 1 to 2 and 

Tikmn =< aUkaln^^n > - < a\ak >< al^an > (14) 

This allows an easy comparison between situations arising from the use of dif- 
ferent types of input fields. 

Combining Eqs.(8-13) yields 

(Az)^ = Xikjnn Tikmn {ikiTin = 1, 2) (15) 

where Xikmn contain the geometrical and physical properties of the antenna 
while the second factors Tikmn depend only on the incoming fields. 

For a simple Michelson interferometer, Caves suggested to use squeezed vac- 
uum light in order to minimize the input laser power [2]. Equation (15) permits 
to investigate very general states of the input field like even and odd coherent 
states, correlated states, states with higher order squeezing, etc. In particular, 
we will illustrate in this communication the dependence of the optimal Az on 
the characteristic parameters of the even or odd coherent states from the second 
port of interferometer. 

First, we will evaluate the matrix Xikmn as far as the geometrical and phys- 
ical parameters of the Michelson interferometer are concerned. 

If we consider a 50-50 % BS, then the elements of the matrix K are 



ai = Q!2 = 



71 



gift 

01=P2 = ^ (16) 

where S is the phase because of the BS which can be set to zero for an ideally 
thin BS while /i is the phase introduced by the BS between the reflected and 
transmitted waves and for simplicity we take /i = 7r/2. Then 

V^V3V=(_0^ o) (1^) 

and 

C/V3C/=f -'^^) (18) 

V — sin (2) cos I 
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in (/) = 2((/)2 — (j^i)- Also 

< cVsc >=< aVaa > cos (19) 

If the interferometer has to operate in a dark fringe then the arms lengths can 
be adjusted to have </> = (^"^-'-^'^ and dark fringes correspond to the situation 
where no field contributions is present into the difference of the output photon 
numbers. In such cases we have 

U^a3U=( ) (20) 



Then Xi 

kran become 



-^^1212 = -^^2121 = + 

Xx221 = X2112 = + B'^ (21) 



where 

A = 



mc 



dl 



(-1) 



and 



B = (22) 



I = <c^ 



Z = (23) 

The variable Z corresponds to the difference between the displacements of the 
two outer mirrors caused by the radiation pressure with respect to their mean 
positions in the absence of any field. 

We will now evaluate the factors Tikmn in (i) Caves setup and (ii) in a new 
one which replaces the squeezed light with even or odd coherent light. 

In order to evaluate the contribution of the fields which are applied to the 
two ports of the interferometer for GW detection, we will assume a coherent 
light for the field relative to port one of the interferometer while for the second 
port we will consider the two situations (i) by squeezing the vacuum fluctuations 
(the situation considered by the Caves [2]) and (ii) applying even or odd coherent 
states. We will show the important role played by these states in order to get a 
better detection sensitivity and to reduce the optimal input laser power. 

When coherent laser light from port one and squeezed vacuum from the 
other port of the interferometer are applied, the two fields are anticor related. 
The states of H"' can be written as 

\^>=Vi{a)\0,l,a>e^ — ^|0,2,a> (24) 
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where X'j(a) = e^""^ i=l,2, a G C, and ^ = re**^. It is easy to see that in 

such states < aia2 >,< a\a2 >, etc., are equal to zero. 
If we take a to be real for simplicity then we have 

Tun = 

T'll22 = 

7'i2i2 = —c^sinhr coshr e*^^ 

7i22i = a^sinh? r + 

T2112 = a^sinh^ r + sinh^ r 

72121 = —o?sinhr coshr e~'^^ 

^2211 = 

T2222 = 2sinh^ r (25) 

When even or odd coherent states replace squeezed vacuum in port two the 
states of W to be taken into account are 

I V > = I CK, /3± > 

= I 0,l,a>iV±(p2(/3)±©2(-/3) I 0,2,a> (26) 

where '+,-' signs correspond to even and odd coherent states respectively and 
their normalization constants are 



iV- = |,p ] (27) 

For the even light, coefficients Tikmn take the following values 



Tim 


= 












7^1122 


= 












^1212 


= 


1/3 


r 








7l221 


= 0? 


\0 


|2 








^2112 


= c? 


1/3 




tan/i 1 /? p 


+ 1 /3 1^ tank 1 


/3P 


^2121 


= 


1/3 


r 








^22 11 


= 












T2222 


= 1/3 


1^- 




1 /3 |4 tanft^ 


|/3p + |/3p 


tanh 



P (28) 

in which ^2 is the phase of (3. 

For odd coherent states we get the same expressions as above, except that 
tanh I /3 p should be replaced by coth | /? p. 



7 



The general expression for (A^:)^, irrespective of the nature of the incoming 
fields can now be written as 



(Az^) — A^(Ti221+72112 — 2^1212— T2i2l)+-B^(Ti221+72112+7"l212+7212l) (29) 

This quantity depends on the incoming field through Pi and we denot by 
(o^opt)'"^ ='mcP / {2Jiu>T) the intensity of this field which minimizes (A^;)^ when 
at P2 the ordinary vacuum is present. Then, it can be seen that the vahic which 
minimizes (Az)^, which we call (aopj)^*^^ in presence of squeezed vacuum at 
P2, under the condition >> sink r and = 0, is 

(^J^^-^) = (a^^,)(°) (30) 

This is the Caves result, which allows to reduce the intensity of the input laser 
beam to values experimentally significant. 

The analogous analysis for the cases of even or odd coherent states replacing 
squeezed vacuum, under the condition that »\ (3 p tanh | /3 ^ gives 

2 (e.) l 2\f3\Hanh\P\^+2\0\^cos2e + l 

K'^opt) \ \ n\2 i-nnh I |2 _9 I |2 Of) J- 1 V"op«; 



and 



f3 12 tanh j /? ^ -2 j /? P cos 261 + 1 ' 

.2 .(oM)^ / 2 I p P coth I /3 p +2 I /3 P cos 20T1 2 ^(o) 
KOiopt) Y 2 I /3 |2 coth \(3\^ -2\(3\^ cos2e + V °p*' ^ ' 

Thus by using even coherent light is used, under the limit 1 <C| (3 p-C and 
^2 = 7r/2, yields 



This result, which is also true for odd coherent states, allows an alternative way 
to decrease the optimal input power, i.e., an alternative way to increase the 
sensitivity of the interferometer. We have, therefore, given a positive answer 
to the question originally posed. The question whether this new way might be 
experimentally achievable or not is left open, depending on the actual physical 
generation of the even and odd coherent states. 

We wish now to consider more general situations: namely for case (i) ^ is 
arbitrary and for case (ii) fi is arbitrary and in both situations a is real. (A^;)^ 
is a function of such variables and we can look for its minimization with respect 
to . This results for case (i) in 0i = and (ctopt)^"'^'' function of r and for case 
(ii) in O2 = it/2 and {a1p^)^™\ ("opt) functions of | /3 |. In each case, a^^j 
as function of the respective independent variable, is given through a solution 
of the following equation in ^ 

ri^^-r2^-2r3(i + r2) = o (34) 
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in which 




T3 



(35) 



and 



ri 

Fa 



e 



r3 




(36) 



for the squeezed vacuum, and 



r2 



2 I /3 |2 tank I /3 |2 -2 I /3 |2 cos26'2 + 1 
2 I /3 p tan/i I /3 p +2 I /? |2 00526*2 + 1 
I f3 |2 tank I /? |2 



(37) 



for the even coherent states. For the quantities relative to odd coherent states 
same formulas apply with coth | /? ^ in place of tanh | /3 p. 

Equation (34) has three roots, two of them complex and the physical one 
has the following form 



Fig. (2), illustrates case (i) and a' is plotted versus the squeezing parameter r. 
For r=0 we have the situation in which the only vacuum fluctuations enter from 
P2 and in this case a'=l. For large values of r, we have Caves result [2], i.e., 
the optimal value of the input coherent field through Pi can be decreased to a 
large amount. 

With the same spirit, in Fig. (3a), we have plotted {a')~J- versus | (3 \ and O2 
and in Fig. (3b) this quantity versus | /? | at 6*2 = 7r/2, which is the value for all 
the local minima, when even coherent light enters from port 2. The analogous 
graphical analysis for odd coherent states is shown in Figs. (4a) and (4b). 

Such figures illustrate how the optimal values of the input coherent field in 
Pi can be reduced considerably and allows us to predict an application of even 
or odd coherent fields. 

In conclusion it has been shown that such states might offer a new tech- 
nique to reduce the optimal power of the input coherent laser and for a better 
sensitivity of the interferometer. 



a' = 




(38) 
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Figure Captions 

Fig.(l). Schemetic of the simple Michelson interferometer ai, and , ci, C2 
are respectively the input and output fields, while 61, 62 stand for the 
fields incident on mirrors , Mi and M2. 

Fig. (2). Relative value {a')sq of the optimal laser intensity in the presence and 
of the squeezed vacuum mode 02, versus the squeezing parameter r. 

Fig. (3a). Three dimensional plot of the relative value {a')~^ of the optimal 
laser intensity in the presence of even coherent states versus | /? | and 62- 

Fig. (3b). {a')ey versus | /3 | for 6*2 = tt/2. 

Fig. (4a) Three dimensional plot of the relative value (q:')~J^ of the optimal 
laser intensity in the presence and in the absence of odd coherent states 
versus | /3 | and 62- 

Fig. (4b). {a')odd versus | /? | for 6I2 = 7r/2. 
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